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1 Introduction 


Grand Unified Theory (GUT) gives ns an simple and elegant nnderstanding of the 
qnantnm nnmbers of qnarks and leptons, and the snccess of gange conpling nnihcation 
in the Minimal Snpersymmetric Standard Model strongly snpports this idea. Right 
now, the Grand Unihed Theory at high energy scale has been widely accepted, how¬ 
ever, there are some problems in GUT: the grand nnihed gange symmetry breaking 
mechanism, the donblet-triplet splitting problem, and the proton decay problem, etc. 

Recently, a new scenario proposed to address above qnestions in GUT has 
been discnssed extensively i I. i i- The key point is that the snpersymmetric 
GUT model exists in 5 or higher dimensions and is broken down to the 4-dimensional 
= 1 snpersymmetric Standard like Model for the zero modes dne to the discrete 
symmetries in the neighborhoods of the branes or on the extra space manifolds, which 
become non-trivial constraints on the mnltiplets and gange generators in GUT 0. 
The attractive models have been constrncted explicitly, where the snpersymmetric 
5-dimensional and 6-dimensional GUT models are broken down to the 4-dimensional 
= 1 snpersymmetric SU{3) x SU{2) x model, where n is the rank of GUT 

gronp, throngh the compactification on various orbifolds and manifolds. The GUT 
gauge symmetry breaking and doublet-triplet splitting problems have been solved 
neatly by the discrete symmetry projections. Other interesting phenomenology, like 
fi problems, gauge coupling unifications, non-supersymmetric GUT, gauge-Higgs uni¬ 
fication, proton decay, etc, have also been discussed |^, 

In this paper, we discuss the gauge symmetry and supersymmetry breaking 
by the local or global discrete symmetries on the extra space manifold in general. We 
prove the theorems for the gauge symmetry on the hxed point, line or hypersurface, 
and in the bulk for the zero modes. And we explain why the high dimensional 
supersymmetry is broken down to the 4-dimensional N = 1 supersymmetry. These 
general results form the foundation of this approach, which we would like to call it 
the discrete symmetry approach. We also show that the gauge symmetry breaking 
by Wilson line is the special case of the discrete symmetry approach, where all the 
discrete symmetries are global and act freely on the extra space manifold. 

In the previous discussions [|], |[, the 50(10) is broken by the Klein discrete 
symmetries Z 2 x Z 2 on the extra space manifold. So, we would like to discuss the 
50(10) breaking by one cyclic discrete symmetry. In addition, although from the 
phenomenological point of view Es is not very interesting, we would like to discuss 
the Es breaking because of technical interesting. In short, we study the N = 2 super- 
symmetric 50(10) breaking and Es breaking on the space-time x and x 
where is the 4-dimensional Minkowski space-time, is the 2-dimensional annu¬ 
lus, and is the 2-dimensional disc. We list all the constraints on constructing the 
4-dimensional A^ = 1 supersymmetric SU{3) x SU{2) x model for the zero 

modes, in which n is the rank, i. e., n = 5 and 8 for 50(10) and Ug, respectively. 
Moreover, we point out that on the space-time M* x A^ and x we can break 
any N = 2 supersymmetric SO{M) models down to the 4-dimensional N = 1 super- 
symmetric 50(3) X 50(2) X 0(1)"'“^ models for the zero modes in which n is the rank 
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of the group SO{M). Furthermore, we comment on the one-loop effective potential, 
possible questions and generalization in the discrete symmetry approach. 

We would like to explain our convention. For simplicity, we dehne the n x n 
diagonal matrix as {ai,a 2 , ...,an), for example, we define the 3x3 diagonal matrix 
as 


(ai, a2, eta) 


^ ai 0 0 \ 

0 02 0 
V 0 0 as y 


( 1 ) 


In addition, suppose G is a Lie group and H is a subgoup of G. In general, for G = 
SU{N) and G = SO{N), H can be the subgroup of U{N) and 0{N), respectively. 
We denote the commutant of iL in G as G/H, i. e., 


G/H = {g E G\gh = hg, for any h G H} . (2) 

And if Hi and H 2 are the subgroups of G, we define 

G/{Hi U H 2 } = {G/Hi} n {G/H 2 } . (3) 


2 Gauge Symmmetry and Supersymmetry Break¬ 
ing by Discrete Symmetry 


We assume that in a (4-|-n)-dimensionaI space-time manifold x E where is the 
4-dimensional Minkowski space-time and E is the extra n-dimensional space manifold, 
there exist some local or global discrete symmetries on the extra space manifold and 
the Lagrangian is invariant under the local or global discrete symmetries. Moreover, 
the discrete symmetries may not act freely on E. When the discrete symmetry does 
not act freely on E, there exists a brane at each hxed point, line or hypersurface, 
where the Standard Model fermions can be located. 

Suppose we have K discrete symmetries, and each discrete symmetry forms 
a cyclic group Fj, for J = 1,2, ...K. Let us use the I — th discrete symmetry as a 
representative for discussion, which forms the cyclic group Tj. As we know, the local 
discrete symmetry is defined in the special brane’s open neighborhood, where the 
position of the special brane is the only fixed point, line or hypersurface as long as 
the open neighborhood is small enough P, Q . In the open neighborhood of the special 
brane, the local discrete symmetry is global. So, if the I — th discrete symmetry is 
local, we can concentrate on the open neighborhood of the special brane. In short, 
without loss of generality, we can assume that the I — th discrete symmetry is global 
for simplicity. 

Assume the coordinates for the extra dimensions are y^, y'^, ..., the action 
of any element ■j-CTjonE can be expressed as 


7 / : (|/^|/^...,?/”) —^ iily^^ily'^ 




)• 


( 4 ) 
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7/ cr 


The Lagrangian is invariant under the discrete symmetry, i. e., for any element 

I 


Aa;", 7,V, 7,¥,.... 7.'!/”) = !/', a",.... 9”) 


(5) 


So, for a generic bulk multiplet <h which hlls a representation of the bulk gauge group 
G, we have 


7*V, •••, tV) = 


— iNm.]. 

7 / 


( 6 ) 


where ? 7 |, can be determined from the Lagrangian (up to T/ for the matter helds), 
and are the non-negative integers determined by the representation of <h under 
the bulk gauge group G. In general, is an element in Tj, for example Tj = Z 2 , 
T]^ = ±1. Moreover, R^i is an element in G, and Rrj is a discrete subgroup of G. 
We will choose R^i as the matrix representation for 7 / in the adjoint representation 
of the gauge group G. The consistent condition for R i is 

H 


Ii !j ^j 


Mathematical speaking, the map R ; 
Furthermore, suppose Tj = Z]\ 


, V 7 ', 7 ,' C r,. 

I — i?r/ C G is a homomorphism, 
for a generic held 0 in <h, we have 


(7) 




( 8 ) 


where 


• 27r , , 

oj = e N , (9) 

and kI (0) is an integer which can be determined from Eq. ( 6 ). And if (0) = 0 mod 
N, 0 has zero mode. 


Rtk}- 


Theorem I. For the zero modes, the gauge symmetry is G/{i?ri U i?r 2 U ... U 


Proof. We hrst consider the I — th discrete symmetry and assume that 7 / is 
the generator of the cyclic group T/. For the gauge held A = 77 ^^ = 0. So, for 

a hxed held Af,T'^, we have 

11 I 




.,7,V)T“ = Al{x\y\y\...,y-)R^iT\R-}) 


( 10 ) 


In addition, if A'^^T"' has zero mode, it satishes the equation 




.,7,V)T“ = A“(a;^|/^7/^...,|/")r 


( 11 ) 
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Then, we obtain that has zero mode only if T“] = 0, i. e., R^i and T“ are 

commute. So, under the discrete symmetry T/, the gauge symmetry is G/Rrj for the 
zero mode. Because we have the same results for the other discrete symmetries, for 
the zero modes, the gauge symmetry is G/{i?ri U i?r 2 U ... U Rr^}- The theorem is 
proved. 


Theorem II. If [y^ = u^,y‘^ = = w”) is the hxed point of T/ and is 

not the hxed point of the rest discrete symmetries, the gauge symmetry at that hxed 
point is G/Ryj. 


Proof. Suppose 7 / is the generator of the cyclic group T/. At the hxed point 
y"^ = = m”) of T/, we have 




( 12 ) 


Similar to the proof of Theorem I, we obtain that the gauge symmetry at that hxed 
point is G/Ryj. We would like to emphasize that the gauge symmetry G/Ryj is 
preserved for all the KK modes. 


Corollary I. Suppose H is the subgroup of T/, at the hxed point of H which 
is not the hxed point of T/ and the rest discrete symmetries, the gauge symmetry is 
G/Rh where Rh C Ryj. 


Corollary II. If T/ and Tj have common hxed point which is not the hxed 
point of the rest discrete symmetries, the gauge symmetry at that common hxed point 
is G /U Ryj}- 


Corollary III. Suppose S C E is the hxed hypersurface of T/ and is not hxed 
under the rest discrete symmetries, the gauge symmetry on S is G/Ryj. In addition, 
if S is the common hxed hypersurface of T/ and Tj, and S is not hxed under the rest 
discrete symmetries, the gauge symmetry on S is G/{Ryj U Ryj}- 


Supersymmetry Breaking. High dimensional supersymmetry corresponds 
to the 4-dimensional > 1 supersymmetry. In terms of the 4-dimensional N = 
1 supersymmetry language, the gauge multiplet can be decomposed into a vector 
multiplet V and the chiral multiplets <hi, <h 2 , ..., $ 2^+1 in the adjoint representation. 
Under the discrete symmetries, dyi or d^i in the complex coordinate may not be 
invariant, for example, under the rehection Z 2 symmetry on the i — th coordinate y*, 
dyi —dyi. Then, under the discrete symmetry, the transformations of the chiral 
mutlipets $ 1 , <h 2 , ..., *^ 2^+1 may be diherent from the transformation of the vector 
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multiplet V. Therefore, if all the component helds of the chiral multiplets $ 1 , $ 2 , 
$ 2^+1 did not have the zero modes, we have the 4-dimensional N = 1 supersymmetry 
for the zero modes. Similarly, one can discuss the 4-dimensional supersymmetry on 
the fixed point, lines or hypersuface. By the way, we might keep the zero modes of 
some helds in the chiral multiplets, which can be considered as SU{2)l Higgs doublets 
in some models. 


Relation to the Wilson Line Approach. Assume that T/ is a global 
symmetry and acts freely on the extra space manifold E, we can dehne the quotient 
manifold B = E/Tj. Because T/ belongs to the fundamental group of R, i. e.. 


B/ C 7ri(R) , (13) 

the discrete symmetry approach become the Wilson line approach for T/ p, h e., 
the gauge symmetry breaking by Wilson line. 

Furthermore, if all the discrete symmetries are global and act freely on the 
extra space manifold R, we can dehne the quotient manifold B = E/j). And 
then, belong to the fundamental group of R, i. e., 

nliFjC7ri(R) . (14) 

Therefore, the Wilson line approach is the special case of the discrete symmetry 
approach where all the discrete symmetries are global and act freely on the extra 
space manifold. 

To be explicit, let us give an example. Consider the 5-dimensional N = 1 
supersymmetric GUT models on the space-time x S^, we can not break the 4- 
dimensional N = 2 supersymmetry down to A = 1 supersymmetry in the Wilson line 
approach. However, one can do this in the discrete symmetry approach by considering 
the refelction symmetries BB- And if we moduloed the refelction symmetries, 
the fundamental group of the extra space orbifold is trivial, , i. e., /Z 2 ) or 

7ri(S'V(^2 X Z 2 )) is trivial. 


3 N = 2 Supersymmetric Theory on M'* X A and 

AB X 

In this section, we would like to review the N = 2 supersymmetric theory on the 
space-time x and x D^, where and are the 2-dimensional annulus 
and disc, respectively. 

The convenient coordinates for the annulus is polar coordinates (r, 0), and 
it is easy to change them to the complex coordinates hy z = . We call the innner 

radius of the annulus as Ri, and the outer radius of the annulus as R 2 - When Ri = 0, 
the annulus becomes the disc R^, which is an special case of A^. We can define the 


5 


Zn symmetry on the annulus by the equivalent class 


z ^ ujz , (15) 

• 27r 

where oo = e'~. And we denote the corresponding generator for Zn as Q which 
satihes = 1. The KK mode expansions and the detail of this set-up can be found 
in Ref. p. 

The N = 2 supersymmetry in 6-dimension has 16 supercharges and corre¬ 
sponds to the = 4 supersymmetry in 4-dimension, thus, only the gauge multi- 
plet can be introduced in the bulk. This multiplet can be decomposed under the 
4-dimensional = 1 supersymmetry into a vector multiplet V and three chiral mul- 
tiplets S, 4), and in the adjoint representation, with the hfth and sixth components 
of the gauge held, and Ag, contained in the lowest component of S. The Standard 
Model fermions are on the boundary 4-brane at r = or r = i ?2 for the annulus 
scenario, and on the 3-brane at origin or on the boundary 4-brane at r = i ?2 for the 
disc scenario. 

In the Wess-Zumino gauge and 4-dimensional N = 1 supersymmetry language, 
the bulk action is 0 


^ = 


j d^xl Tr 


(fe (^ +h.c. 




y4:kg^ kg^ ^ 

{V2d^ + E^)e-^{-V2d + 


(16) 


From above action, we obtain the transformations of gauge multiplet under 


as 


V{u;z,u^-^z) = {Rny-Viz,z){R^^r- , (17) 


E{uz,u;^-^z) = u;^-\Rny^^{z,z)iR^^r^ , (18) 


^{ujz,uj^-h) = a;”-i(Rf2)'*<h(z,z)(R(j^)™* , (19) 


^%u;z,u;'^-^z) = uj^{Rny^^^<^{z,z){R^^)^^^ , ( 20 ) 

where {lv,mv), (^s,rns), (/$,m$) and (Z$=,m$c) are determined from the represen¬ 
tation under the gauge group. Because we will decompose the bulk GUT group 
G into its maximal subgroup, which is the product of several groups, for example 
G D Gi X G 2 X Gfc, we dehne (/y,my) as (/y,my) ® {ly,my) ® ... ® (ly^rriy), where 
{ly,my) is determined from the decomposed representation of V under Gi. Similar 
notation will be used for (/s, "^s), (^<i>, and (/$=, m$c). To be explicit, we will give 
{lv,mv), (^s,'^s), (/$,m$) and (Z$c,m$c) in detail in the following discussions. 
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4 *5'O(10) Breaking on x and x 

In the previous discussions |^, the S'O (10) is broken by the Klein discrete symme¬ 
tries Z 2 X Z 2 on the extra space manifold. So, we would like to discuss the S'O(10) 
breaking by one cyclic discrete symmetry on the space-time x and x D^. 
We will break the 6 -dimensional N = 2 supersymmetric S'O (10) model down to 4- 
dimensional N = 1 supersymmetric SU{3) x SU{2) x 0(1)^ model for the zero modes. 
Because SO(IO) D Sf/(5) x 0(1), SO(4) x SO(2) x ^0(2) and SO( 8 ) x 0(1) @, 
and we can not obtain the Standard Model from S'O( 8 ) x 0(1), we decompose the 
SO(IO) into SO(5) x 0(1) and S'0(4) x SO(2) x SU{2) in the following discussions 
of S'O(IO) breaking. 

4.1 Model I: 50(10) D 50(5) x 0(1) 

In this subsection, we discuss the S'O (10) breaking by considering its maximal sub¬ 
group S'0(5) X 0(1). 

The gauge helds of S'O(IO) are in the adjoint representation of S'O(IO) with 
dimension 45. Under the gauge group S'0(5) x 0(1), the S'O(IO) gauge fields decom¬ 
pose as [H 


45 = (24, 0) © (10, 4) © (10, -4) © (0,1) , (21) 

Assume that we have symmetry on or and 12 is a generator of 
r = Zn, we choose the following matrix representation for 12 , which will give us the 
representations of all the elements in T, 

Rn = © (+1) , (22) 

• 27r 

where oj = . Therefore, we only need to concentrate on SU{5). In addition, 

{ly, my), {It., tt^t), {l^, '^ 4 >) and (/$c, m$c) are equal to (1,1) if the gauge held were in 
the representation (24,0), and {ly,my), (/s,^s), (2$,m$) and (/$c,m$c) are equal 
to (2,0) if the gauge helds were in the representation (10,4), and {ly,my), {It,^t), 
(/$, m$) and (/$c, m$c) are equal to (0, 2) if the gauge helds were in the representation 
(10, -4). 

In order to have the models with SU{3) x SU{2) x 27(1)^ gauge symmetry 
and 4-dimensionaI iV = 1 supersymmetry for the zero modes, we obtain the following 
constraints on n* 


(a) 3ni + 2^2 = 0 mod n , (23) 

(b) rii 7 ^ n 2 mod n , (24) 

(c) |?7,i — n 2 | 7 ^ 1 and n — 2 mod n , (25) 
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(d) \ni + nj| 7 ^ 0,1 and n — 2 mod n , for j = 1 , 2 . (26) 

Because Rq, C SU{5) x U{1), we obtain the constraint (a). And the constraint (b) 
will break the SU{5) down to SU{3) x SU{2) x U{1). In addition, the constraint 
(c) will project out all the zero modes of S, $ and <I>'^ in the representation (24,0), 
and the constraint (e) will project out all the zero modes of V, S, $ and in the 
representations (10, 4) and (10, —4). By the way, the zero modes of S, 4) and 4>'^ in 
the representation (0,1) are automatically projected out. 

Let us give the model with Ziq symmetry, the matrix representation for Rq is 

Rq = ((u^, (u^) ® (+1) • (27) 

It is easy to check that all the constraints are satished. 

First, we consider that the extra space manifold is the annulus A^. For the 
zero modes, we have 4-dimensional N = 1 supersymmetry and SU{3) x SU{2) x f/(l)^ 
gauge symmetry in the bulk and on the 4-branes at r = i?i and r = i? 2 - Including 
the KK states, we will have the 4-dimensional = 4 supersymmetry and S'O(IO) 
gauge symmetry in the bulk, and on the 4-branes at r = and r = i? 2 - 

Second, we consider that the extra space manifold is the disc D"^. For the zero 
modes, we have 4-dimensional N = 1 supersymmetry and SU{3) x SU{2) x U{1)‘^ 
gauge symmetry in the bulk and on the 4-brane at r = i? 2 . Including all the KK 
states, we will have the 4-dimensional = 4 supersymmetry and S'(9(10) gauge 
symmetry in the bulk, and on the 4-brane at r = i? 2 - In addition, because the origin 
(r = 0) is the hxed point under the Ziq symmetry, we always have the 4-dimensional 
A^ = 1 supersymmetry and SU{3) x SU{2) x f/(l)^ gauge symmetry on the 3-brane 
at origin in which only the zero modes exist. And if we put the Standard Model 
fermions on the 3-brane at origin, the extra dimensions can be large and the gauge 
hierarchy problem can be solved for there does not exist the proton decay problem 
at all. 

4.2 Model II: 5'O(10) D SU{A) x SU{2) x SU{2) 

In this subsection, we discuss the S'O(IO) breaking by considering its maximal sub¬ 
group SU{A) X SU{2) X SU{2). 

The gauge helds of S'O(IO) are in the adjoint representation of 50(10) with 
dimension 45. Under the gauge group SU{4) x SU{2)l x SU{2)pi, the 50(10) gauge 
helds decompose as p 

45 = (15,1,1) © (1, 3,1) © (1,1, 3) © (6, 2, 2) . (28) 

Assume that we have Z^ symmetry on or and U is a generator of 
F = Zn, we choose the following matrix representation for 12, which will give us the 
representations of all the elements in F, 

Rn = , (29) 
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where lo = e'^. Moreover, (ly^mv), (/s,'nrs), and (/$c,m$c) are equal to 

(1,1) ® (0,0) ® (0,0) if the gauge helds were in the representation (15,1,1), and 
{lv,mv), (/$,m$) and (/$c,m$c) are equal to (0,0) ® (1,1) ® (0,0) if the 

gauge helds were in the representation (1,3,1), and {lv,mv), (/sj^^s), {l<s>,mq>) and 
{lq,c,mq,c) are equal to (0, 0)®(0, 0)®(1,1) if the gauge helds were in the representation 
(1,1, 3), and (/y, my), {Is, m-s), (/$, m$) and (/$=, m$c) are equal to (2, 0) ® (1, 0) ® 
(1, 0) if the gauge helds were in the representation (6, 2, 2). 

In order to have the models with SU{3) x SU{2) x U{1)‘^ gauge symmetry 
and 4-dimensional iV = 1 supersymmetry for the zero modes, we obtain the following 
constraints on n* 


(a) 3ni -|- n 2 = 0 mod n , (30) 

(b) ns -|- n 4 = 0 mod n , (31) 

(c) ni 7 ^ n 2 mod n , (32) 

(d) ns 7 ^ n 4 mod n , (33) 

(e) |ni — n 2 | 7 ^ 1 and n — 2 mod n , (34) 

(f) Ins — n 4 1 7 ^ 1 and n — 2 mod n , (35) 

(g) n* + rij -|- nfc 7 ^ 0,1 and n — 2 mod n, for f, j = 1, 2 and k = 3,4 . (36) 


Because Rq C SU{4) x SU{2)l x SU{2)ji, we obtain the constraints (a) and (b). And 
the constraints (c) and (d) will break the SU{4) down to SU{3) x 17(1) and SU{2)r 
down to 17(1), respectively. In addition, the constraints (e) and (f) will project 
out all the zero modes of S, $ and <I>^ in the representations (15,1,1), (1,1, 3), 
and the constraint (g) will project out all the zero modes of 17, S, $ and in 
the representation (6,2,2). By the way, the zero modes of E, <l> and in the 
representation (1, 3, 1) are automatically projected out. 

Let us give the model with Ziq symmetry, the matrix representation for is 

Rq. — (u’^, ® ('Ll, 4“1) ® {^^, u^^^) • (37) 

It is easy to check that all the constraints are satished. 

First, we consider that the extra space manifold is the annulus A^. For the 
zero modes, we have 4-dimensional = 1 supersymmetry and SU (3) x SU{2) x U (1)^ 
gauge symmetry in the bulk and on the 4-branes at r = i?i and r = i? 2 - Including 
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the KK states, we will have the 4-dimensional = 4 supersymmetry and 50(10) 
gauge symmetry in the bulk, and on the 4-branes at r = i?i and r = i? 2 - 

Second, we consider that the extra space manifold is the disc D^. For the zero 
modes, we have 4-dimensional iV = 1 supersymmetry and SU{3) x SU{2) x 0(1)^ 
gauge symmetry in the bulk and on the 4-brane at r = i? 2 - Including all the KK 
states, we will have the 4-dimensional iV = 4 supersymmetry and 50(10) gauge 
symmetry in the bulk, and on the 4-brane at r = i? 2 - Moreover, because the origin 
(r = 0) is the fixed point under the Ziq symmetry, we always have the 4-dimensional 
= 1 supersymmetry and 5f/(3) x 50(2) x 0(1)^ gauge symmetry on the 3-brane 
at origin in which only the zero modes exist. 

4.3 SO{M) Breaking on x and x 

On the space-time x and x we can break any 6-dimensional N = 2 
supersymmetric SO{M) models down to the 4-dimensional N = 1 supersymmetric 
5f/(3) X 50(2) X 0(1)”“^ models where n is the rank of the group SO{M). The 
method is similar to above. We hrst decompose the SO{M) group into the product 
of SU{mi) and/or 0(1) groups, then project out all the zero modes of the non¬ 
standard Model like gauge helds and all chiral multiplets. For instance, 50(12), we 
can decompose it into 50(6) x 0(1) or 50(4) x 50(4), then discuss 50(12) breaking 
by using above method and the branching rules for various representations in Ref. |§]. 

5 Breaking on x and x 

Although from the phenomenological point of view is not interesting, we will 
discuss the Eg breaking on the space-time x and x because of technical 
interesting. We will show how to break the 6-dimensional N = 2 supersymmetric Eg 
model down to 4-dimensional A^ = 1 supersymmetric SU{3) x 50(2) x 0(1)^ model 
for the zero modes. By the way, we would like to point out that on the 6-dimensional 
space-time x 5^/ {Z 2 x Z 2 ) x 5^/ {Z 2 x Z 2 ), we can break the 6-dimensional N = 2 
supersymmetric Eg model down to 4-dimensional A^ = 1 supersymmetric 50(10) x 
0(1) model, or 50(3) x 50(3) x 50(3) x 50(2) x 0(1) model, etc, however, we 
can not break it down to the 4-dimensional A^ = 1 supersymmetric 50(3) x 50(2) x 
0(1)"^ model for the zero modes unless we consider the 8-dimensional space-time 
X 57(^2 X Z' 2 ) X 57(^2 X Z' 2 ) X 57(^2 X Z' 2 ) X 57(^2 X Z' 2 ). 

Eg has following maximal subgroups: 50(3) x Eq, 50(4) x 50(10), 50(5) x 
50(5), 50(2) X Ej, 50(16) and 50(9) |^. And the hrst three maximal subgroups 
are interesting in the weakly coupled heterotic Eg x Eg string theory or M-theory 
on S^/Z 2 model buildings, so, we decompose the gauge helds according to the hrst 
three maximal subgroups. As we know, the gauge helds of Eg are in the adjoint 
representation with dimension 248, under the maximal subgroup 50(3) x Eq, the 
gauge helds decompose as p 

248 = (8,1) © (1, 78) © (3, 27) © (3, 27) , (38) 
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and under the maximal subgroup SU{4:) x S'O(IO), the gauge helds decompose as 

248 = (15,1) © (1, 45) © (4,16) © (4,16) © ( 6 ,10) , (39) 

and under the maximal subgroup SU{5) x SU{5), the gauge helds decompose as ^ 

248 = (24,1) © (1, 24) © (5,10) © (5,10) © (10, 5) © (10, 5) . (40) 

In this paper, we only discuss the Es breaking by decomposing Eg into SU{5) x SU{5). 
Similarly, noticing that the Eq breaking has been discussed in Ref. @] and S'0( 10) 
breaking has been discussed in the last section, and using the branching rules for 
various representations in Ref. [§], one can discuss the Eg breaking by decomposing 
Eg into SU{3) X Eq or SU{4) x ^O(IO). 

Assume that we have Z 2 n symmetry on or and is a generator of 
r = Z 2 n, we choose the following matrix representation for fl, which will give us the 
representations of all the elements in F, 

Rn = , (41) 

■ 27r 

where uj = . Moreover, {lv,mv), (^s,?^s), (/$,m$) and (/$c,m$c) are equal to 

(1,1) © (0,0) if the gauge helds were in the representation (24,1), and (/y,my), 
(/s, m-s), (/$, m$) and (/$c, m$c) are equal to ( 0 , 0 ) © ( 1 , 1 ) if the gauge helds were in 
the representation (1,24), and (/y,my), (/e,^s), (/$,m$) and (/$c,m$c) are equal 
to (1,0) © (2,0) if the gauge helds were in the representation (5,10), and (/y,my), 
(/s, ?^s), {A, ^<i>) and (/$c, m$c) are equal to ( 0 , 1 ) © ( 0 , 2 ) if the gauge helds were in 
the representation (5,10), and (/y,my), (/s^nrs), (/$,m$) and (/$c,m$c) are equal 
to (2,0) © (0,1) if the gauge helds were in the representation (10,5), and (/y,my), 
(/s, nrs), (/#, nr$) and (/$c, m$c) are equal to ( 0 , 2 ) © ( 1 , 0 ) if the gauge helds were in 
the representation (10,5), 

In order to have the models with SU{3) x SU{2) x f/(l)^ gauge symmetry 
and 4-dimensional = 1 supersymmetry for the zero modes, we obtain the following 
constraints on n* 


(a) ni + 77-2 + na + n 4 + 77-5 = 0 mod 2n , (42) 

(b) 77j 7 ^ rij mod 2n , for i,j = 1, 2, 3,4, 5 and i ^ j , (43) 

(c) |77j — rijl 7 ^ 1 and n — 2 mod 2n , for i, j = 1, 2, 3,4, 5 and i ^ j , (44) 

(d) |77i| 7 ^ 0,1 and n — 2 mod 2n , for i = 1, 2, 3,4, 5 , (45) 

(e) |77 — 77i| 7 ^ 0,1 and n — 2 mod 2n , for i = 1, 2, 3,4, 5 , (46) 
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(f) \ni + nj\ 7 ^ 0,1 and n — 2 mod 2n , for i, j = 1, 2, 3,4, 5 , (47) 

(g) \ni + Hj + n\ 7 ^ 0,1 and n — 2 mod 2n , for i, j = 1, 2, 3,4, 5 . (48) 

Because C SU{5) x SU{5), we obtain the constraint (a). And the constraint 
(b) will break the second SU{5) down to t/(l)"^. In addition, the constraint (c) will 
project out all the zero modes of S, $ and in the representation (1, 24), and the 

constraints (d), (e), (f) and (g) will project out all the zero modes of V, S, $ and 

in the representations (5,10), (5,10), (10,5) and (10,5). By the way, the zero 
modes of E, $ and in the representation (24,1) are automatically projected out 
if n > 2 . 

Let us give the model with ■^66 symmetry, the matrix representation for is 

Rft — (AI) Al) +1) —1) —1) ^ ^ 1 1 ■ (49) 

It is easy to check that all the constraints are satished. 

First, we consider that the extra space manifold is the annulus A^. For the 
zero modes, we have 4-dimensional N = 1 supersymmetry and SU{3) x SU{2) x U{1)'^ 
gauge symmetry in the bulk and on the 4-branes at r = and r = R 2 . Including 
the KK states, we will have the 4-dimensional = 4 supersymmetry and Eg gauge 
symmetry in the bulk, and on the 4-branes at r = i?i and r = R 2 . 

Second, we consider that the extra space manifold is the disc D^. For the zero 
modes, we have 4-dimensional = 1 supersymmetry and SU{3) x SU{2) x U{1)^ 
gauge symmetry in the bulk and on the 4-brane at r = i? 2 - Including all the KK 
states, we will have the 4-dimensional N = 4 supersymmetry and Eg gauge symmetry 
in the bulk, and on the 4-brane at r = R 2 . In addition, because the origin (r = 0) 
is the hxed point under the Zqq symmetry, we always have the 4-dimensional N = 1 
supersymmetry and SU{3) x SU{2) x U{lY gauge symmetry on the 3-brane at origin 
in which only the zero modes exist. And if we put the Standard Model fermions 
on the 3-brane at origin, the extra dimensions can be large and the gauge hierarchy 
problem can be solved for there does not exist the proton decay problem at all. 


6 Remarks, Possible Questions and Generalization 

First, we would like to comment on the one-loop effective potential. It was pointed 
out that the representations {Rvi) of the discrete symmetries (F/) are not arbitrary 
parameters of the theory and are determined dynamically |^. The tree-level effective 
potential is trivial, so, we need to consider the one-loop effective potential which 
can be done by the well-known results of the background held gauge. However, if 
there exist non-broken supersymmetry at the compactihcation scale, it is not difficult 
for us to show that the one-loop contribution is zero. Therefore, the 4-dimensional 
A^ = 1 supersymmetry breaking scale must be much lower than the compactihcation 
scale, which is true for the supersymmetric GUT models in Ref. iiii where 
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the 4-dimensional N = 1 supersymmetry breaking scale is around TeV, and the 
compactihcation scale or GUT scale is around 10^® GeV. This also implies that if we 
considered the non-supersymmetric GUT breaking by discrete symmetry, we must 
calculate the one-loop effective potential and determine the representations (Rti) of 
the discrete symmetries (T/) dynamically, i. e., we can not choose Rrj arbitrarily. 

However, there might still exist the question in the discrete symmetry ap¬ 
proach. Because the vacua are degenerate, why the nature chooses the Standard 
Model like gauge symmetry as vaccum. For example, we consider the supersymmet¬ 
ric SU{5) model, the SU{5) gauge symmetry can be unbroken, or broken down to 
the S'U(4) X U{1) or SU{3) x SU{2) x U{1) gauge symmetry, the question is why the 
SU (5) Model is broken down to the Standard Model. 

Second, when we consider the 6-dimensional supersymmetric GUT breaking, 
we often consider the 6-dimensional N = 2 supersymmetry in order to avoid the 
gauge anomaly. Because we can not have the hypermultiplets in the bulk, we have to 
put the Standard Model fermions and Higgs doublets on the hxed point or line. So, 
we need to understand how to localize the matter helds and Higgs helds at the hxed 
point or line. 

Third, we can not reduce the rank of GUT group in the discrete symmetry 
approach because the cyclic group is abelian. If we want to reduce the rank of the 
GUT group, we might need to consider the continuous symmetry on the extra space 
manifold. It is also interesting to generalize the discrete symmetry approach on the 
non-commutative extra dimensions. 


7 Conclusion 

We study the principles of the gauge symmetry and supersymmetry breaking due to 
the local or global discrete symmetries on the extra space manifold. We show that the 
gauge symmetry breaking by Wilson line is the special case of the discrete symmetry 
approach where all the discrete symmetries are global and act freely on the extra 
space manifold. As applications, we discuss the N = 2 supersymmetric AO(10) and 
Eg breaking on the space-time x and x and point out that similarly 
one can study any N = 2 supersymmetric SO{M) breaking. We also comment on 
the one-loop effective potential, the possible questions and generalization. 
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